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ABSTRACT: We have extended our treatment of the electric polarization of a Debye-Hiickel ion atmosphere
surrounding a fixed, charged rod to high applied fields as a first-order model for the dipole saturation properties
of rigid polyelectrolytes, particularly DNA. In contrast to the commonly assumed saturating induced dipole
model, in which dipole moments are linearly proportional to the field strength, E, at low fields and saturate
to a constant value at sufficiently large field strengths, the theory developed here indicates that the dipole
moment will attain a maximal value and then decrease as the applied field strength is increased further. This
unusual behavior is related to the Wien effect in electrophoresis and is due to the progressive stripping of
the ion atmosphere away from the electrostatic influence of the central rod. Several features of the high-field
orientation behavior of DNA can be qualitatively reproduced by the theory. Most importantly, the theory
can give an unusually long, high-field region of approximately linear dependence of the orientation on 1/E
and infinite field extrapolations of the orientation (or apparent optical parameter) that are dependent on

DNA length.

Introduction

Electric dichroism is becoming an increasingly important
tool for investigating the structure of biologically important
macromolecules (e.g., ref 1 and 2). One capability of the
technique is the determination of the orientation of the
optical axis with respect to the electrical axis by extrap-
olating the observed dichroism to infinite field strength.
Only for classical permanent and induced dipole moments,
however, has the form of the extrapolation function been
theoretically determined.’* A number of polyelectrolytes,
however, have dipole properties that do not conveniently
fall into either category. Most commonly, at low applied
field strengths, the dipole appears to be purely induced,
with moments that are linearly proportional to E; i.e., the
electric polarizability is constant. At higher fields, however,
the polarizability apparently decreases, leading to dipole
moments that are increasing at a rate slower than linear
with E. This effect is generally termed dipole saturation.
Since the high-field behavior of the dichroism or bire-
fringence of the biological polyelectrolyte DNA has been
extensively studied, we restrict out comparison of theory
and experiment to DNA. Empirically, for short rodlike
fragments of DNA, at high field strengths, the observed
dichroism varies linearly with 1/E once the dichroism
reaches about 50% of the extrapolated value.*8 Since the
dipole moment of DNA is known to be induced, it is
generally accepted that this linear 1/E dependence at high
fields reflects a substantial saturation of the induced dipole
moment. Current attempts to fit the orientation funec-
tion™ 10 have assumed that the induced dipole moment
saturates at high field strengths to a value that is inde-
pendent of E, i.e., to a permanent-like dipole moment.
Applying this approach to DNA has resulted in several
problems. It is difficult to theoretically mimic the ex-
perimentally observed extensive region of linear 1/E de-
pendence. Secondly, the extrapolated, infinite-field di-
chroism is significantly smaller than would be predicted
on the basis of the “classical” B-form structure.b12 It
furthermore appears that the limiting dichroism is de-
pendent on the molecular weight of the DNA.!12 Lastly,
in contrast to Kerr region field strengths, for which the
induced dipole moment apparently varies with L%, where
L is the DNA length,!%1%13 the high-field limiting dipole
moment is substantially independent of the size of the

DNA, a feature of the extrapolation that has not been
predicted by theory.®12

Given the inverse dependence of the dipole moment of
DNA on the ionic strength of the solution, it is generally
accepted now that the orientation is due to the polarization
of the surrounding small ions relative to the long axis of
the DNA helix. Although somewhat artificial, the polar-
ization can be broken down into two components, the
induced dipole moment due to the condensed counterion
layer and that due to the polarization of the surrounding
diffuse atmosphere. Most treatments for the saturation
of the condensed counterion dipole implicitly assume that
the number of counterions on the DNA interacting with
the field remains constant, resulting in high-field limiting
dipole moments that are independent of the field strength
E, i.e., a permanent-like dipole, but then predict that this
limiting dipole will depend on the length of DNA."® We
have recently calculated the dipole moment due to the
polarization of a Debye-Hiuckel ion atmosphere sur-
rounding a charged rod in the low-field limit, i.e., for in-
duced dipole energies that are proportional to E2!* In an
attempt to gain at least some qualitative insights into the
saturation properties of an induced dipole moment that
is due to the polarization of the surrounding ion atmo-
sphere, we extend these calculations in this paper to ar-
bitrarily high field strengths. We still treat the ion at-
mosphere in the Debye-Hiickel limit, neglect the effect of
condensed counterion polarization, and make the simpli-
fying but incorrect assumption that the electrophoretic
velocity of DNA is negligible in comparison with small ions.
Although a complete description of the polarization of the
small ions surrounding DNA is far more complicated than
the treatment given here due to the inadequacies of the
Debye—Hiickel limit in describing the true ion atmosphere
distribution function for a macroion as highly charged as
DNA and also due to the complicated hydrodynamic in-
teractions between moving salt ions and an electro-
phoresing DNA rod, we feel that a description of the dipole
saturation properties for an isolated Debye—Hickel ion
atmosphere will lead to a qualitatively correct picture. The
most important difference between the more realistic
steady-state flow model considered here and the constant
counterion number, equilibrium calculations of the oth-
ers” 1% is that our results indicate that the dipole moment
will not just reach a value that is independent of E, i.e.,
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a permanent-like dipole moment, but rather the moment
will increase with E to a maximum value, after which
increasing E actually results in decreasing dipole moments.
This unusual high-field behavior is related to the Wien
effect in electrophoretic theory and experiment (e.g., ref
15). At high field strengths, the ion atmosphere is being
stripped away from the central charged rod, leaving, in
essence, fewer charges left to polarize in the field. This
effect can result in extrapolating apparent optical param-
eters that do not reflect the structure of DNA.

Theory

Since the model we consider in the high-field case is
identical with our previous low-field work,!* we shall only
basically outline the formalism in reaching eq 9-13. It is
then at this point that the treatment diverges from the
low-field work. The model we consider is that of a thin
rod of radius a’and length 2L’, uniformly charged over its
surface to an effective linear charge density Qe, where @
is the linear number density of surface charges. The rod
is immersed in a medium of dielectric constant ¢, con-
taining a simple 1-1 electrolyte with a number concen-
tration of cations or anions n,. Relative to the central rod
and in cylindrical coordinates, the concentration distri-
bution functions for +1 and -1 ions, n,(x,r) and n_(x,r),
respectively, can be expressed in terms of the dimension-
less functions v, (x,r) and »_(x,r) by

ny(x,r) = ne(l + v.(x,r)
n_(x,r) = ny(1 + v_(x,r)) (1)

We can further define the functions g(x,r) and f(x,r) as
linear combinations of v, and v_

glx,r) = vylx,r) + v(x,r)

fix,r) = vi(x,r) = v(x,r) 2)

In this form, g(x,r) represents a total ion number proba-
bility distribution, while f(x,r) gives a net ion charge
probability function.

There are two electrostatic potentials acting on small
ions in solution. One is due to the externally applied field
of magnitude E’. Since it can be shown for rods sufficiently
long in comparison with the Debye shielding length 1/«
that the perpendicular component of the ion atmosphere
polarization is negligible with respect to the parallel com-
ponent, we assume that the applied potential is then just
-E’x. The potential ¢ is due to the distribution of charges
in solution. The standard Poisson equation and boundary
conditions for this internal field are

V2¢’(r,x) = —47['677/0]‘.(7"x)/e (3)
lim ¢/(r,%) = 0 (3)
N (a’
M = 0; |x| > L’
or
= -2Qe/ea’y  |x] S L’ 3"

In terms of these potentials and the functions f(x,r) and
gl(x,r), the steady-state flow equations and associated
boundary conditions for +1 and -1 ions in solution are

Vi - f=(1/2)gf - (e/kT)Ve-VY + (e/kT)E'dg /dx

(4)
lim f(rx) =0 (4)

df(a’, oY/ (a,
M0 e /ey@ - @i

or or
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Vg = (1/2)f - (e/kT)Vf-Vg + (e/kT)E3f/0x (5)
lim g(rx) = 0 (5)

dg(a’xx) , 0Y(a’x) .
5 = ~le/RDfle’x) o (5)

At this point it is convenient to subdivide the ¥/, f, and
g functions into two components each. There is a com-
ponent for each function that is symmetric about the x axis
and can expanded in a cosine Fourier series, /4, f4, and
g+. The functions y/_, f., and g_ represent those compo-
nents that are odd functions of the variable x and can be
expanded in a sine Fourier series. As with the low-field
calculations, we apply the Debye-Hiickel approximation
and retain only those terms in the differential equations
of the lowest order of magnitude in e?Q/kT. For the above
functions, ¢/, f1, and g_ all have leading linear terms (in
a series expansion) in ¢2Q/kT, while the lowest order for
V., f., and g, is (e?Q/kT)% In contrast to our previous
work, however, we do not restrict the equations to the
lowest order of magnitude terms in eE'x/kT. As before,
we also transform to the dimensionless variables y and p
by

p = K V= KX (6)

where « is the Debye shielding parameter defined by
2 = 8we’ny/ekT (7)
We further transform to the dimensionless potential  and

field E by
v = ey /RT; E = eE’/(xkkT) (8)
Incorporating the above transformations and simplifica-

tions, we write the steady-state flow equations and
boundary conditions as

Vs~ f+ = Edg_/dy ©

lim £.(p.y) = 0 ®)

df+(a,y) /3p = ~20¢.(a,y)/Ip (9”)
Vig. = Eof,/dy (10)

lim g.(p.y) = 0 (107
dg-(a,y)/p = 0 (107)

Vs = Yof ¥ = VsV + ESf. /3y (11)
lim g.(p.y) = 0 (1)

0g+(a.y) /9o = ~f+(a,y)d¥.(a,y) /9p (117)

V.~ f- = Yof+8- — VE-VY. + Edg. /0y (12)

},il‘i f-lo,y) =0 (12)

of(a,y) /dp = g (a,y)0¥+(a,y) /dp (12)

VA = —fs (13)

‘{igg Y+lpy) =0 (13)
d.(ay)/op=0;  |y|>L

=-2Qe/eakT; |y|<L (13")



Macromolecules, Vol. 16, No. 10, 1983

The dipole moment u for the entire system is defined as

u = (2mengy/k%) j::my dyj;wpf_(P,y) do  (14)

As will be shown, it is not necessary to solve eq 12 ex-
plicitly for f_(y,0) in order to determine the dipole moment;
the integral in eq 14 can be evaluated from the differential
equation. It is necessary to solve explicitly eq 9, 10, and
13. Equations 9 and 10 are conveniently solved as a pair.
If eq 9 is operated on by V2, eq 10 by 4/dy, and the com-
mon 3/3y(V?5_) term eliminated, we have then for £, (y,p)

VXV, -~ f) - B, /0y = (15)

Explicitly expanding f, in a cosine Fourier series in y on
the interval [-C,+C], where C is arbitrarily large, we have

foloy) = §f+,n<p> cos (8.y) (16)

where 8, = nw/C. A general solution for f, ,(p), incorpo-
rating the p — « limit boundary condition, is

f+n(p) = B1Ky(Azp) + ByKo(Agnp) a7
where B; and B, are integration constants and
A2 = (1 + 28,2 + (1 - 48,2EH)/2) /2

Mo = (14 28,2~ (L- 48,29V /2 (18)

the function K(x) is a modified Bessel function of the
second kind of order 0. Explicitly expanding g_(y,0) as a
sine Fourier series (g_(y,p) = X_.8_,(p) sin (8,y)) and using
the above form for £, ,(p), the solution for g_,(p) can be
determined in terms of the constants B; and B,. With the
boundary conditions for g_,(p) and £, ,(p) at p = a (=«a),
the coefficients B; and B, can be determined, arriving with

fanlp) = —A((1 + S)Ko(Mpp) / (M1,aK 1 (Mpa)) - (1 -
S)Ko(Agnp) / MgnaKi(Agn0))) /(28,) (19)

8-n(0) = BLALE(Ko(Anp) / (MnaK (A ya) —
KOO\2np)/()\ZnaKl(AZna)))/Sn (20)
where S, = (1 - 48,2E%)1/%, Ay = 4e®QL/ekTC, and A, =
8¢%Q) sin (8,L)/¢8,kTC. With eq 19, eq 13 can be solved
for ¥4 ,(p) (expanding ¥, (y,0) as a cos (8,y) series) to give

1l’+,n(l’) = An(Ko(an)/(MnaKl(Mna)) -
Ko(Agnp) / (A9naKi(An0)) +
S,.Ko(8,0)/ (8,aK,(8,0))) /(28,) (21)

Equations 11 and 12 can also be treated as a pair. Instead
of explicitly solving the equations, however, the dipole
moment can be evaluated by integrating eq 12 in con-
junction with eq 11. In order to simply minimize the
number of terms in the succeeding equations, we make the
following substitutions, in addition to the Fourier expan-
sions:

8:(03) = el (0,9) /2 + 8'4(p)
(o) = éog;,n(p) cos (6. 22)
f-(ﬂ,y) = 'g-(P,y)¢+(P,y)/2 + f’—(P,y)

FL03) = f-alo) sin (6:3) (23)

As was the case in the low-field treatment, the differential
equations for f_ and g, are in terms of quadratic combi-
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nations of ¥, f,, and g_. As a result therefore, the nth
Fourier component of either f_ or g, is given by mixed-
mode contributions from the & and m modes of ¥, f,, or
g-. We shall use the simplifying notation of }_, , to signify
that the sum is over all £ and m Fourier modes such that
eitherk+m=nk-m=n,orm-k =n.

With eq 22 and 23, eq 11 and 12 can be reexpressed in
terms of f7,(p) and g’; ,(p) as

szg/+,n - ﬁnzg/+,n =
ﬁnEf/—,n + (1/2)122 (f+,k¢+,m + f+,kf+,m/2 - Eg—,k¢+,m)

(24)
lim g’ ,(p) = 0 (24)
p—r
ag ,+,n(a) a¢+,m(a)
Fya ~(Vap(a) + fr @) /2)—3 (247)
o p

VPZf’—,n - (1 + an)f/—,n =
_6nEg,+,n + (1/2)}22 (6kEf+,m¢+,k + g—,kf+,m - g—,k¢+,m)

(25)
lim £~ ,(p) = 0 (25)
—a
of” n(a) 04 m(a)
= —(1/2)g-4(a) (25”)

dp dp

where V2 = 8%/3p? + (1/p)3/3p. If we substitute for the
linear g’ ,(p) term on the right-hand side of eq 12 with
the linear g’; ,(p) term on the left-hand side of eq 11 and
rearrange, we can then write

f,—,n(p) = _{_szf/—,n + Evng,hn/ﬁn +
(1/2)132{_@—,k(f+,m/2 - ¢+,m) + BkEW+,kf+,m +

Ez(f+,k(¢+,m + f+,m/2) - 6ng—,k\b+,m)/6n}}/(1 + 6712 + EZ)
(26)

The integral that gives the dipole moment u (eq 14) then
becomes

© I} ©
u= (27ren(,//<“)'§1J:;r y sin (8,y) dyj; pdp (f-, -
> ¢
(/D T8 sem) = Creng/e)E [y sin (8,)
k,m n=1+-C

) P dp 2¢7 257
m{% fon = Vo8 en/Ba t

(1/2)kZ{(_2ﬂn2g—,k‘l/+,m + BkE¢+,kf+,m - g—,kf+,m/2) +
EfspWem + fom/2) /B (27)

The terms involving V 2 can be integrated by parts and
evaluated by using the boundary conditions for 8f” ,(a)/dp
and dg’; ,(a)/dp in eq 11 and 12. The rest of the integral
can be evaluated in a straightforward manner by using the
solutions for Y. ,, f+ ., and g_,, in eq 19-20. The result of
the integration is, as would be expected, very cumbersome,
and this intermediate result will not be presented here. In
order to simplify the result, the double sum 3,3, ., can
be rewritten as just >_.>",., where the summations are now
over all £ and m. As in ref 14, the summations can be
written in the shorthand notation as

FGL) = 5 5 n yenp (5,6,) +
k=1 m=08, + Bp BkEm
i i Adn
Py %6)@ - Bn

dy

(_l)k_mF2(6k,6m) (28)



1656 Rau and Charney

where the first double sum results from & + m mode
mixing, while the second is from & - m terms. This can
be reexpressed as

FL) =

i AginrF(BrBais1)  AnF(BrPa)
i=o{  Br * boin B t By

{A2i+1p(ﬁkr62i+1)_ A F(Br.B5)

i (-1)*A4,
k=1

2 A, X -
k=1 imht1

B — Bain By — By

zz{

k=0  i=k+1

A9 1F(Baiv1,81)  AsiF(Ba:,8:)
Br—Bars  Be- Ba; } (29)

In the limit of C — =, the inner sums can be approximated
as the integral of a partial derivative

o O(AFBry) /(B + ¥)
AN

F(xL) = (1 /2)§1(—1)’“A;z

dy
e AkAO
+ (1/2) Z § (-1)* F(B,,0) +
k=1 B
= HAF(y,0)/y)
1/04 J dy————
= w (AF Bry) /By = ¥))
(1 /2)k§1Ak ‘J;uﬂdy ay )
(A F(,8) /(B = ¥))
0y

where, in place of the A, coefficient of eq 20, it has been
redefined in order to have the A, series uniformly con-
tinuous at y = 0 as A, = 8¢*QL/eCkT. Integrating this
equation, we find that the 8, + 8,, mode mixing terms
vanish. In the limit of C — «, the remaining 3, — 8,, mixed
terms give for the parallel component of the ion atmo-
sphere polarization, «,

oy = pu/E’ = 2e(e’Q/kT)*F(xL) /x*(1 + E?) (31)
where

= 1 ¥sin (8,L) |*) 2(1 + 88,2 + E?)
=S = -
FUD) Elc: 8. } {(1 ~ 48,267 - B "

(1 + 46,°E* + E?)* (1+86,°+E%

968,(1 - 46,2E2 - EY " 28,(1 - 48,2E* - EY "

2(1 + 3/ENf1n + 2Bnf1n + 6(fon — 2fsn) /E*{ (32)

and where for arbitrary a

fo = 1 Ko(Apa) B Ky(hy,0)
" (1 - 48,2E)12( MpaK1(A\pa)  AgpaKi(Agna)

= 1 - 28,°E* + E? v s
- (1-48.2EH(1 + 8,2 + E?) BnEf1,/(1 -
48,°E?) + B,((1 - 46,2E%)/? -
E%(Ky(A,a) / (MK1(A,a))? - 8,((1 — 48,2E?)Y/? +
EZ) (Ko()\zna)/(>\2nK1(A2na)))2

f/ln

on =
KoMn@) /(MK (A a) + Ky(hg,a) / (MpaK1(Mgna))
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Figure 1. Parallel electric polarizability shown as a function of
the reduced field strength E for four reduced rod lengths (L =
1, 2, 4, and 8) calculated from eq 31 and 32 in the thin-rod limit
(@ — 0). In order to facilitate comparisons among different
lengths, the relative polarizability («)(E,L)/e(E = 0,1)) is plotted.

flan = —(1+ 28,2 + E?) /(B,(1 + B,2EY)) +
Br((Ko(A1,0) / (MK (Ma0))? +
(KoMgna) / (MonK1(A22))?) / (1 — 48,2 EH)/?

fan = Ko(B,a) /(8,2K,(B,a)) (33)

For very thin rods, i.e., in the limit a = xa’— 0, the last
set of expressions can be approximated with

fln =-In (>‘1n/>\2n)/(1 - 46n2E2)1/2
fon = 2f3, =In (8,) -~ (1/2) In (1 + 8,2 + E?)

(Ko(Aa) / (AK1(Aa))? = 0 (34)

where the x — 0 limits of Ky(x) = -In (x) and xK,(x) =
1 have been substituted.

Numerical Results

The sum in eq 31 can be evaluated in a relatively
straightforward manner with the aid of a computer. For
dimensionless field strengths (cf. eq 8), E > 0.05, the sum
is essentially independent of the size of the arbitrary limit
C set for the Fourier expansion in the direction of the field
for C > 5000. The terms for which 8,L > 4 contribute
negligibly to the sum and mark the upper limit of n.
Taking the limit of eq 31 as E — 0 gives the same result
as reported in our previous work. The only problem en-
countered in calculating polarizabilities comes in those
terms in which 8, and E are large enough such that A, and
Ao, are complex. From eq 18, however, if they are complex,
then they are complex conjugates; i.e., Ay, = Ay, Where the
bar denotes a complex conjugate. With the relationship
that In (Z) = In (Z) (or, for the general case, Ky\(Z) =
Ky(Z)), each f;, of eq 33 and 34 is wholly real; all complex
components cancel.

Figure 1 shows the progressive decrease of the calculated
reduced parallel polarizability («)(E)/a(E = 0)) as a
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Figure 2. Reduced dipole moment p,eq (=Ea(E,L)/ oy (E = 0,
L)) shown as a function of the effective reduced field strength
E for the same four lengths of Figure 1. The dashed lines illustrate
the expected behavior if the dipole saturated to a field-inde-
pendent value, i.e., to a permanent-like dipole moment.

function of the reduced field strength for L = 1, 2, 4, and
8. These reduced lengths span the average range of «L’
for salt concentrations that can be used in electric di-
chroism or birefringence and DNA lengths that can be
considered rodlike. To a good first approximation, the
functional form of the decrease is independent of the re-
duced length. The magnitude of the polarization is, of
course, dependent on L through o (E = 0). A more in-
formative view of the trend in dipole properties is shown
in Figure 2 for the dependence of the reduced dipole
moment, oy = Eay(E)/o)(E = 0), on E for the four lengths
in Figure 1. In contrast to most theories™° that incor-
porate a saturation of an induced dipole for a macroion
such as DNA to permanent dipole like character (i.e., the
dipole moment is independent of E for large enough field
strengths (qualitatively indicated by the dashed line in this
figure)), the ion atmosphere polarization model indicates
that u will reach a maximal value at some field E. As the
field strength is further increased past this point, the
predicted dipole moment will actually begin to decrease.
To within 2%, the four curves differ only by a constant
factor. The actual magnitude of the dipole is related to
the reduced parameter by the factor (kkT/e)e(E = 0) and,
therefore, depends on the reduced length L and the ionic
strength.

Just as the ion atmosphere polarization at very low field
strengths has its counterpart in electrophoretic theory in
the relaxation field, so also does the high-field dipole
saturation have a basis in electrophoresis, the Wien effect.
This effect is the experimental observation that the solu-
tion conductance or electrophoretic mobility of small ions
is significantly greater at very high field strengths than at
low (e.g., ref 16). The theoretical explanation of this
phenomenon!” is that at high fields the flux of ions past
the central ion is very much greater than the restoring flow
caused by the field of the central ion; the ion atmosphere
is essentially being stripped away from the influence of the
central ion, significantly reducing the retarding hydrody-
namic drag of the ion atmosphere. This framework is also
useful in understanding the behavior of the dipole moment
with E in Figure 2. Very qualitatively, as the field strength
increases, the ion atmosphere surrounding the charged,
central rod is progressively stripped away from the influ-
ence of the rod. This effectively means that there will be
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Figure 3. Dependence of the reduced dipole energy, calculated
numerically from eq 36, on the effective reduced field strength
E is shown for L = 2, The dashed line illustrates the expected
curve if the dipole saturated to a field-independent value.

less ion atmosphere charge left to polarize with respect to
the rod, leading to a decreasing dipole moment. Our
calculations show that the effect of E on the dipole mo-
ment, u, is more prominent at lower field strengths than
is the calculated Wien effect on the electrophoretic ve-
locity. We take this as an indication that the relaxation
field, which is directly related to u, is more sensitive to E
than is the hydrodynamic drag of the longitudinally sym-
metric ion atmosphere.

In order to calculate orientation energies, U(E cos 6),
we must explicitly include the angle 6 between the applied
field direction and the long axis of the rod. Assuming that
the magnitude of the perpendicular dipole is much less
than the parallel component, the effective field strength,
E*, can be simply defined as

E* =F cos 8 (35)

where E is defined in eq 8 as eE’/kkT, where E’ is the
actual applied field strength. With this, the expression
for the reduced dipole energy takes the form

E:t
Useg(E*) = - fo trea(E cos 8) d(E cos 6)  (36)

The total energy is U(E*) = AU,.4(E*), where A =
(kTk/e)? o (E = 0). Since the four curves in Figure 2 to
a good approximation differ only by a constant factor, only
the U,4(E*) curve for L = 2 is shown as a function of E*
(=FE cos (#)) in Figure 3. The curve is essentially just
another view of the unusual “saturation” properties of the
ion atmosphere polarization model. Current treatments
of the saturation of the dipole moment for a polyion such
as DNA, implicitly assuming that the number of polariz-
able counterions is independent of field strength, indicate
that the dipole moment will reach a limiting, field-inde-
pendent value, i.e., permanent dipole like character. In
this case, dipole energies will reach a region in which they
are linearly proportional to E*. This behavior is illustrated
by the dashed line in Figure 3.

The link between these energies and experimental ob-
servations depends on the type of measurement made. For
electric dichroism or birefringence, for example, the ob-
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Figure 4. Dependence of the orientation function ®(E), calculated
numerically from eq 38 with L = 2 and A/kT = 5, on the reduced
field strength E is shown in two commonly used ways. In (A),
®(E) is plotted against E, while in the inset (B), #(E) is shown
as a function of 1/E at high fields, a procedure that is widely used
to determine the limiting birefringence or dichroism.

served change in absorbance with an applied field is pro-
portional to the average (cos (8))2 projection of the rod in
direction of E. The orientation function, ®(E*), for this
system i34

@(E*) =
j; "(1/2)(3 cos? 6 - 1) exp(-U(E*) /ET) d(cos )

- 37
j; exp(~U(E*) /ET) d(cos )

For the unusual u vs. E behavior of Figure 3 to affect
significantly the shape of the orientation curve, it is nec-
essary that the dipole energy at the maximum u (E* ~ 2)
is, at most, of the same order of magnitude as kT. Since
U,4(E* ~ 2) is about 1, the coefficient A, relating the total
energy to U, is approximately the orientation energy, in
units of kT, at the maximum u. For A/RT = 50, for ex-
ample, a rod is virtually completely oriented at E* = 2 and
the effect on the orientation curve of a subsequently de-
creasing dipole moment will be negligible. For all practical
purposes, the functional form of the & vs. E curve will be
well described by the classical induced dipole equations.
Since we are most interested in illustrating significant
deviations from classical behavior, we will restrict our
discussion of values of A that give orientation energies at
E* = 2 of the same order of magnitude as k7.

Figure 4 shows the dependence of the orientation
function ®(E) on E for A/kT = 5.0. For classical induced
or permanent dipole moments, there are equations
available that describe the entire orientation function.®*
For saturating dipole mechanisms, as that for DNA, there
is, of course, no definitive work that can rigorously describe
the observed field dependence of the dichroism. The
orientation functions that are in the literature’ %2 assume
the dipole moment saturates to a field-independent value.
Empirically, a prominent feature of the observed dichroism
of DNA at high field strengths is the extensive region of
approximate linearity between the dichroism and 1/E.
The inset in Figure 4 shows the high-field dependence of
®(E). As is apparent, there is here also a relatively ex-
tensive region in which the orientation function is to a good
first-order approximation linearly proportional to 1/E
(indicated by the dashed line in the inset). It is not until
&(E) reaches about 0.75 that there is apparent a significant
departure of the theoretical curve from the dashed line due
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Figure 5. Effect of the saturation properties of the ion atmo-
sphere dipole on the apparent extrapolated orientation (®(E —
«)) is shown, calculated from eq 38 with L = 2, for three values
of the coefficient A/RT (1, 2, and 4). To mimic experimental data,
the theoretical calculations are presented in a pointwise manner,
up to about 70-75% of the extrapolated value. The solid curves
show the best quadratic in 1/E fits to the points, while the dashed
lines are the best fits to the apparent linear terminal regions.

to the unusual dependence of x on E in Figure 2.

In order for the extrapolated dichroism value to be in-
terpreted as an angle of orientation between the optical
and electrical axes, it is necessary that ®(F) extrapolates
to 1.0. In the absence of a solid theoretical foundation for
the form of the orientation function, an empirical, quad-
ratic in 1/E fit of the experimental data at high fields is
just as meaningful as any present orientation formulation.
For the saturation of the ion atmosphere dipole moment,
however, quadratic fits will not necessarily extrapolate to
® = 1.0. To dramatize the effect of the unusual properties
of this polarization on 1/E extrapolations of the orientation
function, Figure 5 shows pointwise calculations (to mimic
experimental data) of ®(E) for three values of A/ET (1,
2, and 4) up to field strengths that begin to show a sig-
nificant departure from the apparent linear ®(E) vs. 1/E
region. The solid line through the points shows the best
fitting quadratic approximation, while the dashed line is
the best linear fit to the tail end of the data. The two
simply confirm that the extrapolation in this 1/E range
can be well approximated by a linear fit; in all three cases
the difference between the two extrapolated orientations
is less than about 5%. The important feature of these
three curves is that they do not extrapolate to & = 1,
indicative of perfect orientation, but rather to significantly
smaller values that depend on the parameter A/kT. In
general, as A/kT decreases, so does the extrapolated value
of the orientation function. For all three curves, the ap-
parent linear region begins at a value of ®(E) that is about
40-45% of the extrapolated value and continues up to
about 70%. Qualitatively, this is comparable to what is
observed experimentally for DNA, although some recent
very high field work!? appears to show that the dichroism
remains linearly proportional to 1/E up to about 80-85%
of the extrapolated value. As will be discussed in more
detail later, our aim in this paper is simply to show that
the unusual behavior of u vs. E for the ion atmosphere
polarization is qualitatively consistent with experimental
observations. At this point, we are not attempting to
quantitatively fit real data.

The experimental parameters that are important in
defining A in aqueous solution are the Debye shielding
length, 1/« (which is proportional to I*/2, where I is the
ionic strength of the solution), and the length of the
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charged rod, L’. From eq 30 and the approximation «,(E
= 0) ~ L'/« for kL < 6 (for larger rod «L’values o (E
= () approaches an L’/«* dependence), within the frame-
work of this limited theory, therefore, a decrease of A from
4 to 1 corresponds either to a 2-fold decrease in the rod
length or to a 16-fold decrease in the salt concentration.

Discussion

When translated into physical quantities, the values of
A and E that lead to the curves in Figure 5 do not corre-
spond well to a range of DNA lengths and field strengths
commonly used experimentally. From eq 30 and 31, for
example, the parameters 1/« = 200 A, A/kT = 2,and E
= 4 correspond to a field strength of 47 kV/cm and a DNA
length of 300 A (~90 base pairs), assuming that Qe?/ekT
= 1 for a +1 ion from the Manning counterion condensa-
tion formalism. There are two major limitations in our
calculations that preclude a quantitative comparison of
theory and experiment. Although a Debye-Hiickel
treatment of the ion atmosphere surrounding a rod as
highly charged as DNA is acceptable for ions about a
Debye length away from the rod, it is not a good descrip-
tion of the ion distribution function close to the surface
of the rod. The highly successful counterion condensation
theory of Manning'® assumes that the ion distribution
around DNA can be split into two components: a layer
of counterions bound to or condensed on DNA and then,
surrounding this, the remaining charge is in a diffuse at-
mosphere that can be adequately treated in the Debye-
Hickel approximation. The most serious shortcoming of
our theory is the neglect of the polarization of the con-
densed layer. Ion flows of both ion atmosphere and
“bound” counterions cannot correctly be treated inde-
pendently. The polarization of one results in a relaxation
field, in the opposite direction to the applied field, that
will tend to decrease the polarization of the other. In this
sense, the dipole moments of each are complementary. A
decrease in one will tend to increase the other. Addi-
tionally, the polarizations of the diffuse atmosphere and
the condensed layer will be interrelated by the flow of ions
between the two, perpendicular to the field direction. The
polarization of the condensed layer will provide a sink for
diffuse atmosphere charge at one end of the rod and a
source at the other. Qualitatively, however, the high-field
dipole behavior of the “bound” counterions should mimic
the diffuse atmosphere. The polarization will be governed
by the net flux of counterions into and out of the con-
densed layer. The most straightforward way to overcome
these problems is to drop the rather arbitrary division of
ions into the condensed layer and ion atmosphere and to
use a full Poisson-Boltzmann set of equations to describe
the distribution and polarization of ions surrounding a
highly charged, finite rod. A current view is that coun-
terion condensation theory is just a two-state approxi-
mation to the real ion distribution that can be adequately
described by the full Poisson-Boltzmann treatment.!®-21
Such a method, however, will be very difficult and lengthy,
especially for high field strengths.

The second major failing of the calculations presented
here is the neglect of the fact that the central rod itself
will be moving due to the applied field. Including this will
have two effects. First, the velocities of counter- and co-
ions relative to the rod will be changed and, second, hy-
drodynamic interactions between moving charges should
be introduced. The electrophoretic mobility of a macroion
as highly charged as DNA is not negligible in comparison
with small ions; for example, in 0.01 M Na*, Upys ~ 2 X
107* em?/(s-V),22 while Ux, ~ 5 X 10™ ecm?/(s-V). Qual-
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itatively, the influence of theoretically including the
electrophoretic velocity will be to increase the flux of ion
atmosphere charge along the rod, which is essentially
equivalent to increasing the effective applied field strength.
Basically, the stripping away of the ion atmosphere at high
field strengths is due to ion atmosphere charge fluxes along
the rod that are large compared with the forces tending
to reestablish the unperturbed ion distribution. The effect
of increasing this flux due to an electrophoresing rod would
be to exacerbate the dipole saturation properties even
further, probably shifting the calculated maximum in the
dipole moment vs. E graph of Figure 2 to lower field
strengths. Additionally, there are two more effects that
will tend to increase the ion atmosphere flux even further.
First, the electrophoretic velocity of a rod oriented parallel
to the applied field, U, should be greater than the per-
pendicular mobility, U .% As the rod orients in the field,
therefore, its velocity will also increase, increasing the flux
of ion atmosphere charge along the rod. Second, the
stripping away of the atmosphere also means that the
retarding force of the ion atmosphere on the electropho-
retic velocity of the rod will decrease; i.e., the rod will move
faster due to the Wien effect.

Regardless of the shortcomings of the theory, however,
we believe that the results outlined in Figures 1-3 are
qualitatively correct. Most importantly, they bring into
question the assumption made by others’ %2 that the
dipole moment saturates at high field strengths to a con-
stant, field-independent value or, in other words, that the
number of polarizable counterions is independent of the
field strength. At least as far as a Debye—Hiickel ion
atmosphere polarization calculation is concerned, Figure
2 shows that the number of such “polarizable” charges is
decreasing significantly at high fields, leading to the inverse
dependence of the dipole moment on E observed in this
figure at high enough field strengths.

There is experimental evidence that high fields do result
in an extensive redistribution of the counterions sur-
rounding DNA. Large decreases in the melting tempera-
ture (T) of polynucleotides that are dependent on the
ionic strength have been reported.?* Diekmann and
Porschke? have also observed a high-field-induced con-
formational change in DNA that appears to be helix
melting. It is generally assumed that these decreases are
due to large ionic strength dependent distortions of the
helix-stabilizing ion atmosphere.?®? Neumann and
Katshalsky® have reported observing conformational
changes in polynucleotide structure at high field strengths
that they also attribute to large helix-destabilizing dis-
tortions of the ion atmosphere. Our own experiments
(unpublished observations) on +3 counterion condensed
DNA? show that these aggregated particles can be com-
pletely disrupted with only moderately high field strengths
(under 10 kV/cm). One reasonable explanation for this
behavior is that enough +3 ions are being stripped away
from the condensed structure that the aggregates are no
longer stable.

In comparing these theoretical results with experimental
data, it is of interest and importance that plots of the
orientation function, ®, vs. 1/E (Figure 5) do show an
apparent long linear region, extending from approximately
50% of the extrapolated value all the way up to 70-80%
of that value. As we have stated before, this is approxi-
mately what is observed for DNA. Hogan et al.! found
reasonable fits to their experimental data assuming that
the dipole energy goes as E cos? 8, which is neither an
induced or permanent dipole form nor a form that can be
derived from a saturated (constant at high fields) induced
dipole moment. Their treatment, however, is for an ad hoc
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model with the underlying physics and math left obscure.
In the absence of a rigorous development of their model,
it is difficult to assess whether the equation represents only
an empirical fit to the data or is based on physically sound
ground. Sokerov and Weill!® have analyzed high-field data
in terms of an induced dipole that saturates to a field-in-
dependent moment. Alternatively, Diekmann et al.'? an-
alyzed their data in terms of an induced dipole that sat-
urates to the energy form assumed by Hogen et al. (U ~
E cos? 6). Both these works, however, illustrate a major
failing of fitting orientation functions. Reasonable fits to
the data can be achieved for a variety of dipole saturation
models. As was pointed out by Sokerov and Weill, in order
to extract meaningful information about dipole saturation
properties, it is necessary to obtain additional information
concerning the angular distribution of orientation. Electric
dichroism and birefringence both measure a cos? § average
of the distribution function. The insightful approach of
Sokerov and Weill is to compare this average with the sin*
6 average that can be measured from fluorescence polar-
ization experiments.

The major driving force behind the development of the
equations in this paper was to evaluate theoretically the
assumption that the polarizability saturates to a dipole
moment that is independent of E, given that ions are not
covalently held onto DNA. One indication that the
high-field properties of polyelectrolyte polarizabilities
might not be amendable to straightforward analysis comes
from the observations of Hogan et al.! For short fragments
of DNA, about 260 base pairs long, an apparent extrapo-
lated dichroism, p., of ~1.2 was observed. This value is
significantly less than the —1.4 to —1.5 value that would be
predicted for B-form DNA as determined by X-ray dif-
fraction.”® Hogan et al. interpreted their low extrapolated
dichroism as evidence for base pair tilting. Of greater
relevance to the conclusions of this paper is the more re-
cent work of Lee and Charney!! and Diekmann et al.!?
Both have found that the extrapolated dichroism is de-
pendent on the molecular weight of the DNA examined.
Both groups found that for DNA fragments under about
a 1000 base pairs in size, for example, p., averages from
about -1.0 to -1.25, while much larger DNA samples can
give extrapolated dichroisms in the range of -1.35 to -1.45,
in agreement with the X-ray work. Even the limited DNA
size range examined by Hogan et al.! shows a small length
dependence (p., A -1.2 for L = 230 base pairs and ~1.0 to
—1.1 for 140 base pairs). This dependence of p. on the
length of DNA suggests either that the extrapolation
procedure for large DNA sizes is in error or that the low
values are due to something other than base pair tilting.
The first alternative is effectively discounted by Lee and
Charney!!!® when they find, by the same extrapolation
method, that DNA in high alcohol solutions gives a p.
value that is independent of DNA molecular weight and
in agreement with the X-ray structure for A-form DNA.
Both Lee and Charney and Diekmann et al. interpret the
observed p. values in terms of a bent or, perhaps,
“supercoiled” DNA structure. This explanation must as-
sume two further properties of the dipole. First, for small
fragments of DNA, the dipole energy gained in straight-
ening, or, equivalently, lengthening the molecule in the
field is much less than the bending energies, even at very
high field strengths. Second, in order to account for the
increase in p. for very large DNAs, the dipole energy
gained from straightening must increase with DNA size
at a faster rate than bending energies, even though both
Diekmann et al.,'? on the basis of their empirical orien-
tation function, and Charney and Yamaoka,® by fitting
to a classical theoretical function, find that the apparent
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high field limiting, permanent-like dipole moment is only
very weakly dependent on DNA length.

The results of Figure 5 suggest another possible expla-
nation, that the low extrapolated dichroisms and molecular
weight dependence do not reflect the structural organi-
zation of DNA but rather are caused by the unusual sat-
uration properties of an induced ion atmosphere dipole.

The question of the saturation behavior of the dipole
moment of highly charged polyelectrolytes like DNA is still
an unsettled matter. In fact, there is as yet no entirely
satisfactory theory to explain the low-field polarizability.
The results of this work show that, a priori, there is no
basis for assuming that the polarizability will saturate to
a dipole moment that is independent of the applied field
strength. For a dipole mechanism that is as incompletely
understood as that for DNA, it is clear that before ex-
trapolated dichroism values can be confidently interpreted
in structural parameters, more theoretical and experi-
mental work in characterizing the high-field electrical
properties of polyelectrolytes is necessary. In addition to
the already mentioned fluorescence polarization experi-
ments, careful comparative studies on the effects of ionic
strength, counterion valence, and DNA length on the
high-field orientation of DNA should prove useful in de-
termining what are the salient features of the dipole sat-
uration.

Conclusions

The important result from our high-field calculations
of the Debye—Hiickel ion atmosphere polarizabilities is that
the dipole moment does not saturate to a field-independent
value but rather reaches a maximum value and then begins
to decrease with increasing field strengths. Unlike equi-
librium calculations that assume that no ions are stripped
away from highly charged polyions at high field strengths,
the steady-state flow approach shows that at high fields
the ion atmosphere will be distorted enough to result in
an apparent decrease in the number of “polarizable” ions.
Trying to extrapolate experimental data at high fields for
polyions that are characterized by this unusual dipole
saturation behavior can result in apparent optical param-
eters that are not in agreement with structures determined
by other methods and that are dependent on polyion
length and, to a lesser extent, salt concentration.
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ABSTRACT: Three methods for calculating the effects of depropagation on free radical polymerization processes
are described and compared. For the case of one depropagating monomer, all three methods (Monte Carlo
simulation, “brute force” numerical integration, and a simple analytical expression for the effects of depro-
pagation) are practical under a wide range of polymerization conditions. In this case, the analytical method
is the most accurate and efficient. In the case of two (or more) depropagating monomers, we have not yet
employed an analytical method, and the “brute force” method is not as broadly applicable as in the case of
one depropagating monomer. However, the Monte Carlo method provides a feasible and practical way of
simulating the effects of depropagation of more than one monomer on free radical polymerization, including

the effects of cross-depropagation.

Introduction

Apart from a series of publications by O’Driscoll et al.
and an important paper by Wittmer,? relatively little at-
tention has been given to the effects of depropagation
reactions on free radical copolymerization processes since
the early work of Lowry.? Most published work in this area
has been concerned with the effects of depropagation on
copolymer composition and sequence distribution. In this
paper, three different approaches to the computer simu-
lation of free radical copolymerization with depropagation
are described and compared for the case where one mo-
nomer can undergo depropagation. These methods are (1)
application of Monte Carlo methods in conjunction with
numerical integration of the free radical polymerization
kinetics, (2) “brute force” integration of the polymerization
kinetics equations, including all free radical species of the
type R(M,),M; (where M; is the monomer capable of
depropagation) present in significant concentration, (3)
numerical integration of the free radical polymerization
kinetics, including a simple analytical expression for the
effects of depropagation. We confine our attention to the
case where the monomer(s) capable of undergoing depro-
pagation can depropagate only if the resulting polymer
radical is terminated by a monomer capable of undergoing
depropagation. For example, in the case where only mo-
nomer M; can depropagate, the reaction RM,M;M; —
RM,M, + M, is included, but the reaction RM,M; — RM,
+ M, is not permitted. For one depropagating monomer
this corresponds to Lowry’s case I. However, it should be
noted that the approaches discussed in this paper could
easily be applied in other cases.

Under the assumptions outlined above, the case of one
depropagating monomer species is particularly simple since
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the depropagation reaction does not change the nature of
the reactive free radical end group on the polymer radical.
Consequently, we will first discuss the analysis of free
radical polymerization kinetics with one depropagating
monomer and then go on to the more general case of two
or more depropagating monomers. If two or more mono-
mers are capable of depropagation, the “brute force” in-
tegration approach is unsatisfactory under many condi-
tions, and we have not developed a general analytical so-
lution for the effects of depropagation. Consequently, only
the Monte Carlo approach has been implemented.

One feature of our simulations is the explicit inclusion
of radical-radical recombination and disproportionation
reactions. This enables us to calculate monomer con-
sumption, polymer composition, etc. under conditions
where very low molecular weight polymer is being pro-
duced.

All three of our methods for simulating the effects of
depropagation on free radical polymerization rely on the
use of numerical methods to integrate a differential
equation for the species concentrations. For this step we
use a Gear algorithm.* In all cases, we also used standard
Monte Carlo methods®® to obtain monomer sequence
distributions.

The basic model used in our work is one that includes
initiator and monomer feed rates and initiation, propa-
gation, depropagation, and termination reactions. The
effects of other reactions such as chain transfer, thermal
initiation, reaction with impurities, etc. are not considered
in this paper. The specific situation simulated in the
examples used in this paper is one in which initiator and
monomer are fed at constant rate into a reaction vessel.
The increase in volume due to addition of monomer and
initiator is not taken into account. However, it would be
easy to modify our computer programs to include this
effect. It should also be noted that while only one po-
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